CLOSED MAGNETIC GEODESICS ON 



MATTHIAS SCHNEIDER 

Abstract. We give existence results for simple closed curves with pre- 
scribed geodesic curvature on 5*^, which correspond to periodic orbits of 
a charge in a magnetic field. 



1. Introduction 

The trajectory of a charged particle on an orientable Riemannian surface 
{N, g) in a magnetic field given by the magnetic field form $7 = A: dA, where 
A; : — > M is the magnitude of the magnetic field and dA is the area form 
on A^, corresponds to a curve 7 on that solves 

A,37 = A:(7)J<,(7)7 (1-1) 

where Dt^g is the covariant derivative with respect to g, and Jg{x) is the 
rotation by -7r/2 in T^ A^ measured with g and the orientation chosen on A^. 
A curve 7 in A^ that solves (jl.ip will be called a (k-)magnetic geodesic. 
We refer to [3, 5, 11] for the Hamiltonian description of the motion of a 
charge in a magnetic field. Taking the scalar product of (jl.ip with 7 we 
see that if 7 is a magnetic geodesic then (7,7) lies on the energy level 
E,:={{x,V) GTN : \V\g = c}. 

The geodesic curvature kg{'~f,t) of an immersed curve 7 at t is defined by 

kg{^,t) := m\f{{Dt,gi)it),Ng{jit)))^, 
where Ng{-j{t)) denotes the unit normal of 7 at t given by 

Ngm) := \mg'JMt)m)- 

By (jl.ip , a nonconstant curve 7 on Ec is a /c-magnetic geodesic if and only if 
its geodesic curvature kg{'y,t) is given by k{'~f{t))/c. We will take advantage 
of the latter description and consider the equation 

A,57 = 17^7)^9(7)7. (1.2) 

We call equation (jl.2p the prescribed geodesic curvature equation, as its so- 
lutions 7 are constant speed curves with geodesic curvature kg{'y, t) given by 
/c(7(t)). For fixed k and c > the equations ()l.ip and (II. 2p are equivalent 
in the following sense: If 7 is a nonconstant solution of (jl.2p with k replaced 
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by k/c, then the curve 1 1— > '^{ct/\^\g) is a /c-magnetic geodesic on Ec and a 
A;-magnetic geodesic on Ec solves (ll.2p with k replaced by k/c. 
We study the existence of closed curves with prescribed geodesic curvature 
or equivalently the existence of periodic magnetic geodesies on prescribed 
energy levels Ec- 

There are different approaches to this problem, the Morse-Novikov theory 
for (possibly multi- valued) variational functionals (see [20,24,25]), the the- 
ory of dynamical systems using methods from symplectic geometry (see 
[3,10-14,22]) and Aubry-Mather's theory (see [5]). 

We suggest a new approach, instead of looking for critical points of the (pos- 
sibly multivalued) action functional we consider solutions to (jl.2p as zeros 
of the vector field X^ g defined on the Sobolev space H'^''^{S^ , N) as follows: 
For 7 G H'^''^{S^ , N) we let ^^^^(7) be the unique weak solution of 

( - Dig + l)Xfc,,(7) = -A,37 + liUHlPgi^n (1-3) 

in T^H'^''^{S^ , N). The uniqueness implies that any zero of X^^g is a weak 
solution of (jl.2p which is a classical solution in C^(S'^, N) applying standard 
regularity theory. The vector field Xk^g as well as the set of solutions to (II. 2p 
is invariant under a circle action: For 9 ^ = M/Z and 7 G H'^''^{S^ , N) 
we define * 7 G H^'^{S^,N) by 

6»*7(t) = -yit + e). 

Moreover, for V G T.fH^''^{S\N) we let 

e*v :=¥{■ + 6) £ Te,^H'^'\S\N). 

Then Xk,g{e *-f) = 6* Xk,g{-f) for any 7 G H^'^{S\N) and 9 e SK Thus, 
any zero gives rise to a S'-'^-orbit of zeros and we say that two solutions 71 
and 72 of (11. 2p are (geometrically) distinct, if 5^ * 71 7^ 5^ * 72. 
We will apply this approach to the case N = S'^, equipped with a smooth 
metric g, and k a positive smooth function on 5^. We shall prove 

Theorem 1.1. Let g be a smooth metric and k a positive smooth function 
on 5^ . Suppose that one of the following three assumptions is satisfied, 

4mm > iinj{g)y\27T + {snpK;)vol{S^g)), (1.4) 

Kg>0 and 2mi{k) > sup{Kg)^ , (1.5) 
snviKg) <4M{Kg), (1.6) 

where Kg denotes the Gauss curvature, K~ := — inm(Kg,0), and inj{g) the 
injectivity radius of (5^,g). Then there is a simple curve 7 G C'^{S^,S'^) 
that solves (jl.2p and the number of simple solutions of is even provided 
they are all nondegenerate. 

Concerning the existence of closed /c-magnetic geodesies for a positive 
smooth function k on {S'^,g) the following is known (see [10,11]) 
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(i) if c > is sufficiently small, then Ec contains two simple closed 
magnetic geodesies, 

(ii) if g is sufficiently close to the round metric go and k is sufficiently 
close to a positive constant, then there is a closed magnetic geodesic 
in every energy level Ec, 

(iii) if c > is sufficiently large, then Ec contains a closed magnetic 
geodesic. 

Using the equivalence between (jl.ip and (jl.2p we obtain from Theorem 11.11 

Corollary 1.2. Let g be a smooth metric, k a positive smooth function 
on 5^, and c > 0. Suppose that one of the following three assumptions is 
satisfied, 

c < 4( inf (A;)) {inj{g)) (27r + (sup K-)vol{S^g)) (1.7) 

Kg>0 andc<2mi{k){sup{Kg))~^, (1.8) 

sup{Kg) < AmfiKg). 

Then Ec contains a simple magnetic geodesic and the number of simple 
magnetic geodesies in Ec is even provided they are all nondegenerate. 

Condition (|1.7p should be compared to the existence results in (i) and 
gives bounds on the required smallness of c in terms of geometric quanti- 
ties. To show that (jl.Th is useful despite the implicit definition of inj{g), 
we apply an estimate of inj{g) in [17] and obtain (11. Sp as a special case. 
The pinching condition ()1.6p extends the existence result in (ii) and shows 
for instance that on the round sphere there is a simple curve of prescribed 
geodesic curvature k for any positive function k, which gives a partial so- 
lution to a problem posed by Arnold in [4, 1994-35,1996-18] concerning the 
existence of magnetic geodesies on 5^ on every energy level Ec- 
By the famous Lusternik-Schnirelmann theorem there are at least three 
simple closed geodesies on every Riemannian two sphere {S'^,g). As a by- 
product of our analysis we show that in general, even if k is very close to 
0, there are no more than two simple closed magnetic geodesies on S*^ (see 
also [13, Sec. 7]). 

Theorem 1.3. Let go be the round metric on 5^. For any positive constant 
ko > there is a smooth function k on S'^ , which can be chosen arbitrarily 
close to ko, such that there are exactly two simple solutions of 

The proof of our existence results is organized as follows. After setting up 
notation in Section [2] and introducing the classes of maps and spaces needed 
for our analysis we define in Section [3] a S'^-equivariant Poincare-Hopf index 
or 5'^-degree, 

X5i(^,M) GZ, 

where M is a S'^-invariant subset of prime curves in iJ^'^(5^, S*^) and X 
belongs to a class of 5^-invariant vector fields. The index xsi(-^)-^) is 
related to the extension of the Leray-Schauder degree to intrinsic nonlinear 
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problems in [8,27] and is used combined with the apriori estimates in Section 
[5] to count simple periodic solutions of (II. 2p . We remark that the standard 
degree x(^) -^)) that does not take the invariance into account, vanishes 
as it detects only fixed points under the /S^-action, i.e. constant solutions. 
Equivariant degree theories have been defined and applied to differential 
equations by many authors, we refer to [6, 7, 9, 15, 16] and the references 
therein. However, we do not see how to apply these results directly to (jl.2p . 
The vector field X^^g corresponding to the prescribed geodesic curvature 
problem falls into the class of vector fields, where the S^-degree is defined. 
Section m is devoted to the computation of Xs''^i-^ko,go' ■^)^ where /cq is a 
positive constant, qq is the round metric of S'^, and M is the set of simple 
regular curves in 5^). We call equation (jl.2p with k = ko and 

g = go the unperturbed problem, which is analyzed in detail. The family 
of simple solutions to the unperturbed problem corresponds to parallels of 
radius (I+^q)"^/^ with respect to any fixed north pole and is thus isomorphic 
to 5^. In order to compute the S^-degree we slightly perturb the constant 
function ko and end up with exactly two nondegenerate solutions of degree 
— 1. This implies that xsi(^feo.9o' = ~2. Section [5] contains the apriori 
estimates showing that the set of simple solutions to (jl.2p is compact in 
M under each of the assumptions (11.4p - (jl.6p . This yields together with the 
perturbative analysis in Section [4] the proof of Theorem 11.31 and allows to 
construct an admissible homotopy of vector fields between Xk^^g^ and Xk^g 
whenever k and g satisfy the assumptions of Theorem 11.11 The homotopy 
invariance of the 5'^-equivariant Poincare-Hopf index then shows 

X5i(^fc,g,M) = xs^{Xk,,g„M) = -2. 

The existence result is given in Section [6l 

2. Preliminaries 

Let 5^ = 9i?i(0) C M'^ be the standard round sphere with induced metric 
go and orientation such that the rotation Jg^ (y) is given for y G by 

Jgo{y){v) := y X V for all v G TyS"^, 

where x denotes the cross product in M^. If we equip 5^ with a general 
Riemannian metric g, then the rotation by 7r/2 measured with g is given by 

Jg{y)v = {G{y))-'jg,{y){G{y))v G TyS^ 

where G{y) denotes the positive symmetric map G{y) G C{TyS'^) satisfying 

{v, w)TyS^,g = {G{y)v, G{y)w)TyS^go ^ ^y^'^- 

We consider for m G No the set of Sobolev functions 

:= {7 G if"^'2(5\M=^) : 7(t) G 55i(0) for a.e. t G S\} 

For m > 1 the set H"^''^ (S^ , S'^) is a sub-manifold of the Hilbert space 
i^™■2(5^M^) and is contained in G'^-^{S^,R^). Hence, if m > 1 then 
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7 G ii'™'2(5i,S'2) satisfies 7(t) e dBi{0) for all t G S\ In this case the 
tangent space T^H"''^{S\ S^) of H"''^{S\S^) at 7 G H'^'^iS^, S^) is given 
by 

TjH'^''^{S\ S^) := {V G ii""*'2(5\M^) : ^(t) G T^(t).S^ for all t G 5^}. 

For m = the set H'^^^{S^,S^) = L'^{S^, S^) fails to be a manifold. In this 
case we define for 7 G 5^) the space TyL'^{S^,S^) by 

r^L2(5S 5^) := {V G l2(5\M^) : V{t) G ^^(t)^^ for almost every t G 5^}. 

A metric g on 5^ induces a metric on 5^) for m > 1 by setting for 

7 G H'^'^{S\S^) and F, W G T^H"''^{S\ S^) 

{w,v)T^H-.Hs^,s%g ■■= [ {{{-irHDt,,r + 

((-i)-tiA,.r+i)w(i)) dt, 

' 7(*),S 

where Lm/2j denotes the largest integer that does not exceed m/2. 

Let X be a differentiable vector field on H^'^{S^, S^). Then the covariant 

(Prechet) derivative DgX, 

DgX : TH^'^{S\ S^)) TH^'^{S\ 5^), 

of the vector field X with respect to the metric induced by g is defined 
as follows: For 7 G H'^'^{S^,S^) and V G T^H'^'^{S^ , S^) we consider a 
C^-curve 

(-£,£) 9 5^7. eii-2,2(5l^52) 

satisfying 

70 = 7 and ^7^15=0 = V, 
as 

and define 

DgX\^[V]{t) ■.= Dg,s{x{js{t)))\s=o. 

For the vector field theory on infinite dimensional manifolds it is convenient 
to work with Rothe maps instead of compact perturbations of the identity, 
because the class of Rothe maps is open in the space of linear continuous 
maps. We recall the definition and properties of Rothe maps given in [27] 
for the sake of the readers convenience. For a Banach space E we denote by 
QC{E) the set of invertible maps in C{E) and by S{E) the set 

S{E) = {T G gC{E) : {tT + (1 - t)I) G gC{E) for ah t G [0, 1]}. 

Then the set of Rothe maps 'R-{E) is defined by 

n{E) •- {A G C{E) : A = T + C,T e S{E) and C compact}. 
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The set TZ^E) is open in C{E) and consists of Fredholm operators of index 
0. Moreover, gn{E) := TZ{E)ngC{E) has two components, gn^{E), with 
/ e gn+{E). For A e gniE) we let 



sgnA 



+1 iiAegn+{E), 
-1 ifAegn-{E). 

U A = I + C e gC{E), where C is compact, then A e gTZ{E) and sgn^ is 
given by the the usual Leray-Schauder degree of A. 

Since g and k are smooth, X^^g is a smooth vector field (see [26, Sec. 6]) on 
the set HregiS^, S*^) of regular curves, 

H^fgiS\ S^) := {7 G H^'^{S\S^) : jit) ^ for ah t G 5^}. 

To compute DgX^^gl^yiV) we observe 

Ds,g{ - Dig + l)Xfc,g(7s)) = Ds,g{ - Dt^gjs + \is\gH'ys)Jg{ls)js) 

^ ""^^'^^ ~ ^3(^,7s)7s + ^s,a(|7sl9A;(7s)Jg(7s)7s)- 
Evaluating at s = we obtain 
Ds,g{-Dlg + l)XkJrs))\s=o 

= -DlgV - Rg{V,j)i + \i\-g\Dt^gV,j)gk{^)jg{^)j 

+ \i\g[k\^)V)jg{^)j + \%k{^){DgJg\,V)j + \%k{-i)Jg{^)Dt^gV. 

(2.1) 

Moreover, we have 

Ds,g{-Dlg + l)Xu,g{-is))\s=0 

= -Ds,gDfgXk,g{'ys)\s=0 + Ds,gXk,g{^s)\s = 

= ( - Dig + l)DgXk,g\,{V) - Dt,g[Rg{V,j)Xk,gi^)) 

-Rg{Vn)Dt,gXk,gi-f). (2.2) 
Equating (j2.ip and (|2.2p at a critical point 7 of X^^g leads to 

= -i^^^y - i?,(y, 7)7 + l7l;^A,9^, 7)5^7)^,(7)7 

+ l7l,(^'(7)^)^,(7)7+ I7l<,fc(7)(^g^<,l7^)7+ l7l,M7)^,(7)A,,T/. 

(2.3) 

We note that (see also [27, Thm. 6.1]) 

( - Dig + l)DgXk,gU{V) = {-Dig + l)V + T{V), 

where T is a linear map from TyH^''^{S^ , S'^) to T^L?'{S^ , S"^) that depends 
only on the first derivatives of V and is therefore compact. Taking the inverse 
{—Dig + 1)~^ we deduce that DgXk^g\-^ is the form identity + compact and 
thus a Rothe map. 
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For m > 1 the exponential map Expg : TH'^'^iS^S^) R'<\S\S^) is 
defined for 7 G H'^^'^{S^, S"^) and V G T^H'^^^{S\ 5^) by 

where Expz,g denotes the exponential map on {S'^,g) at z e S^. Due to its 
pointwise definition 

e * Exp^,g{V){t) = Expe*^,g{9 * V){t). 

3. The 5^-Poincare-Hopf index 
For 7 € H'^'^{S\S^) we define the form ^5(7) G {T^H^''^{S\ S'^))* by 

^gilW) := f\i{t), ( - iDt,g? + l)V{t))^^t),g dt = (7, V)T^H^,.^S\S^),g- 

Jo 

Approximating 7 by vector fields contained in T^H^'^{S^ , S^), it is easy to 
see that ujg{'y) 7^ 0, if 7 / const. If 7 G H^''^ {S^ , S"^) , then Ug{'y) extends to 
a linear form in {T^L\S\S^))* by 

^gilW) := (( - {Dt,gf + l)7,F)r,L2(5i,52),r 

Prom Riesz' representation theorem there is Wg{'j) G TjH'^'^{S^,S^) such 
that 

^ghW) = {V,Wg{j))T^H^,2^SKS%g G r^i?2,2(^1^^2^^ 

and 

(W^s(7))^ = (t)^'""'"' n T^if2'2(S\ (3.1) 

Hence 

Wgi^)=i-iDt,gf+l)-'j 

and is a vector field on 7/2,2(51^ 52)^ 

The form ^^(7) and the vector ^^(7) are equivariant under the S'^-action 
in the sense that for all 6* G and F G T^H'^^'^{S^, S^) we have 

we*^,g{0 * V) = u;g{-f)iV) and We^^^g = 9*Wg{-f). 

Using the vector field Wg we define a vector bundle SH'^''^{S^, S^) by 

SH^'^{S\S^) := {(7,y) G TH'^'\S\S^) : 7 / const and V G (^^(7))^}. 

Note that 57^2.2 (5-1^ 5-2) fi'i-invariant, as 

For 7 G H'^''^{S^, S'^) \ {const} wc consider the map 

iP^^g : T^i?2,2(^i^^2^ ^ T^H^^^{S\S^) ^ 5i/2-2(5i^52) 

defined by 

ip-y,g{V, U) := Projiy^^^^Exp^,gV))^ {DExp^^g\vU)^. (3.2) 
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The differential of tp^^g at (0, 0) is given by 

D^P^J^,^o){V,U) = iV,U - \\Wg{j)\\-\U,Wg{-f))T,H^.Hs\s^),gWgi^)). 

Consequently, there is 5 = 5{'y,g) > such that ip-y^g restricted to 

Bs{0) X BsiO) n {Wg{-f))^ C T^H^'^{S\S^) x T^H'^^^{S\ S^) 

is a chart for the manifold SH'^''^{S^ , S'^) at (7,0). The construction is 
iS^-equivariant, for 

i^e*^,gio *v,e*u) = e* i;^,g{v, u) ye g 

and we may choose S{'j,g) = 6(9 * 7,5) for all 9 G S^. Shrinking 6{'y,g) we 
may assume, as Exp^^g is also a chart for H^''^{S^ , S"^) with 1 < k < A and 
by dsn), 

TE.p^^^iV)H'^\S\S^) = {DtExp^jV))eDExp^Jv{{i)^''''''), (3.3) 
TE,p^^^y)H^'\S\S^) = {WgiExp^,giV)))eDExp^Jvi{Wg{j))^), (3.4) 

P^o^w,iEccp,.,iV))^ ° DExp^Jv ■■ {Wg{j))^ ^ {Wg{Exp^,g{V))^, (3.5) 

and the norm of the projections corresponding to the decompositions in 
()3.3p and ()3.4p as well as the norm of the map in p.Sp and its inverse are 
uniformly bounded with respect to V. 

The circle action is only continuous and not differentiable on H'^''^{S^ , S"^) 
as for instance the candidate for the differential of the map ^ ^ * 7 at 
= 0, 7, is in general only in T^H^''^{S^ , S'^). We prove the existence of a 
slice of the 5"'^-action (see [18, Lem. 2.2.8] and the references therein) at a 
curve 7 with higher regularity and obtain additional differentiability of the 
slice map. 

Lemma 3.1 (Slice lemma). Let 7 G H^''^{S^ , S'^) be a prime curve, i.e. a 
curve with trivial isotropy group {0 G 5^ : 0*7 = 7}. Then there is an open 
neighborhood U of in r^if^'^(5^, 5"^), such that the map 

-.s'xun {Wg{^))^ ^ H^^\s\s^), 

defined by 

^y,g{9,V) :=9*Exp^,g{V), 

is a homeomorphism onto its range, which is open in H'^''^{S^ , S'^). More- 
over, the inverse {T,^^g)~^ satisfies 

Projsr o (S^,,)-i G C^{^j,g{S' xUn{Wgi-/))^),S'). 

Proof. Fix a prime curve 7 G //'^'■^(S^, 5^^). We consider for > the map 
F^^g : BsoiO) X BsoiO) C M/Z x TyH^'^{S^, S^) R 

defined by 

F^J9, V) ■= ujgi^) (Exp-l{9 * Exp.jV))). 
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Note that, as acts continuously on if^'^(S'^, 5^) and Exp^^g is a local 
diffeomorphism, after shrinking Jo > the map F^^g is well defined. Exp^^g 
is a smooth map, such that for fixed the map V ^ F^^g{9,V) is also 
smooth. Moreover, since Exp^^g{V) is in H'^''^{S^ , S'^) and DExp-y^g\v maps 
vector fields along 7 into vector fields along Exp^^g{V), the map 

^ Exp-'g{e * Exp^,g{V)) 

is from Bso{0) C M/Z to T^L'^{S^, S'^), the space of vector fields 
along 7. For 7 G 1^3,2(51^52-) ^j^g ^j.^ ^^(^-j (r^L2(5i, 5^))*. Thus, 

e ^ F) is as well as Fix V G TjH^'^{S^, S^). Since 

by the implicit function theorem and after shrinking Sq > we get a unique 
C^-map 

a^,g : 55o(0) C T^H^'\S\S^) ^ ^^^(O) C M/Z 

such that 

Hence, we may define locally around 7 

V^,g{a) : = Exp-^g{a^,g{Exp-^g{a)) * a) e (Wg(7))^. 

Using the uniqueness of a^^g and the fact that 7 is prime it is standard to 
see that S^ ^, is injective and that the inverse is given locally around * 7 
for fixed ^0 G by 

= {00, 0) + {-a^,g o Exp-^g o (-^0*), V^,g o (-00*)). 

This finishes the proof. □ 

We will compute the Poincare-Hopf index for the following class of vector 
fields. 

Definition 3.2. Let M be an open -invariant subset of prime curves in 
H'^'^{S^,S^). A vector field X on M is called {M, g, S^)- admissible, if 

(1) X is S^-equivariant, i.e. X{0*-f) = e*X{-f) for all (6*, 7) e S^xM. 

(2) X is proper in M, i.e. the set {7 G M : ^(7) = 0} is compact, 

(3) X is orthogonal to Wg, i.e. Wg{j){X{'^)) = for all 7 G M . 

(4) X is a Rothe field, i.e. if X{S^ * 7) = then 

DgX\^ e Jl{T^H^'\S\S^)) and Proj^^^^^^^^^ o DgX\^ G Jl{{Wg{-f))^), 

(5) X is elliptic, i.e. there is e > such that for all finite sets of charts 

{{Exp^„g,B2sM) ■■ li e H^'\S\S^) forl<i< n}, 
and finite sets 

{Wi G T^,H^'\S\ 5^) : \\Wi\\T^^H^,2^s\S^) <eforl<i<n}, 
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there holds: If a e H Exp^^n{Bs^{0)) C H'^^^iS^ , S"^) satisfies 

i=l ' ' 

n 
i=l 

then a is in H^''^{S\S^). 

Property (4) does not depend on the particular element 7 of the critical 
orbit * 7, because from 6 * ^(7) = X{6 * 7) we get 

DgX\y = {-9*)oDgX\e*^o{e*). (3.6) 

and Rothe maps are invariant under conjugacy. Concerning the regular- 
ity property (5), taking Wi = 0, we deduce that if ^(7) = then 7 S 
H'^''^{S^,S'^). Furthermore, if 7 G H^'^{S^,S'^) then the map 6^ 6* * 7 is 
from to H^'^{S\S^). Hence, if X(7) = then 

= De{X{9*j))\e=o = DgX\^{j), (3.7) 

such that the kernel of DgX\^ at a critical orbit S"^ * 7 is nontrivial. The 
parameter e > ensures that (5) remains stable under small perturbations 
used in the Sard-Smale lemma below. If X is a vector field orthogonal to 
Wg and X(7) = 0, then 

= D{{X{a),Wg{a))T^H2,'2(S\S^),g)\l = {DgX\^,Wg{j))T^H2,2(S^,S2),g 

where the various curvature terms and terms containing derivatives of Wg 
vanish as ^(7) = 0. Thus, ^(7) = implies 

DgX\, : T,H'^\S\S^) ^ {Wg{j))^, (3.8) 

and the projection Proj^^y^(^)^± in (4) is unnecessary. 

Lemma 3.3. The vector field Xi^^g, defined in \1.3\) . is S^-equivariant, 
orthogonal to Wg, elliptic, and a -Rothe field with respect to the set 
Hreg{S^ , S"^) of regular curvcs. 

Proof. From Section [T] and Section [2] the vector field X^^g is S'^-equivariant 
and a C^-Rothe field. Furthermore, we obtain for a S H'^''^ {S^ , S"^) 

{Xk,g{a),Wg{a))T^H^,2^^S\S^),g = [ (" A'g + ^)Xk,g{(^){t))g dt 

= I {a{t),-Dta{t) + \a{t)\gk{a{t))Jg{a{t))a{t))gdt 

= -/ {a{t),Dta{t))gdt = - - — {a,a)gdt = 0. 

To show that X^^g is elliptic, we fix 

{{7i,W^) G TH^'\S\S^) : W, G ^^^(0), l<i<n}, 
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where {Exp^.^g,B2Si{0)) is a chart around 7^, and a G n1^^Exp^-^g{Bs-{0)) 
satisfying 

n 
i=l 

Then 

Dt^gOi — \a\gk{a)Jg{a)dt 

n 

= {-Dig + 1) ^Proj^;y^(„))x o DExp^^,g\j^^^-i^^^s^{Wi). 

i=l 

We fix 1 < i < n and get 

- {DExp,^J^^^^.^^^^{W,), Wg{a))DlgWg{a), 

as well as 

Dlg{DExp,^^g\^^^-.^^^^{W,)){t) 

= D^Exp,^(^t)jE.p-l,,(amDlgExp-lja){t)^^^^ 

where Ri,i and ii2,i consist of lower order terms containing only derivatives 
of a up to order 1 and derivatives of 7^ and Wi up to order 2. Thus a is a 
solution of 

(1 — A{t))Dt^ga = \a\gk{a)Jg{a)a + R{t) 

n 

- ^{DExp,^J^^^-.^^^^{W.), Wgia)){-Dl + l)Wg{a), (3.9) 
1=1 

where R contains only derivatives of a up to order 1 and derivatives of ji 
and Wi up to order 2 and A{t) S £(Tq,(j)5^) is given by 

n 

V ^ Y.^'^'^P'ydt)jE.p-l,iamiD{Exp^,i^^^^^^ 
i=l 

Since ff^'^-bounds yield L°°-bounds, choosing max ||Wj|| small enough inde- 
pendently of {-fi} and a we may assume ||^(t)|| < ^ and A is of class H^'^ 
with respect to t. Since 7j and Wi are in H'^'^ and {—D^g + \)Wg{a) = a, 
the right hand side of p.9p is in H^''^ . By standard regularity results a is in 
-ff^'^, such that the right hand side of (|3.9I) is in H^'"^, which yields a G H^'^. 
Consequently, X^^^ is elliptic. □ 

Definition 3.4. Let M he an open S"^ -invariant subset of prime curves in 
H^'^{S^,S^), *'y C M, and X a {M, g, S^) -admissible vector field on M . 
The orbit * j is called a critical orbit of X, if X{'y) = 0. 
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The orbit 5^ * 7 is called a nondegenerate critical orbit of X, if X{'y) = 
and 

DgX\^ : {Wg{j))^ -> {Wg{j))^ (S.IO) 

is an isomorphism. 

If *! is critical, then using the chart ipy^g given in (13.21) we define after 
possibly shrinking 6 > a map X'^ G C'^{BiJy^) n (Wg(7))^, ^g[l))^) by 

X^{V) := Proj, o i^-^g{Exp^,g{V),X{Exp^jV))), (3.11) 

where Proj2 denotes the projection on the second component. 

The nondegeneracy of a critical orbit does not depend on the choice of 7 
in * 7. 

Lemma 3.5. Under the assumptions of Definition \3.4\ a tangent vector 
V E Bs{0) n {Wg{'y))^ is a (nondegenerate) zero of X"' if and only if 
* Exp.y^g{y) is a (nondegenerate) critical orbit of X. 

Proof. From the fact that X{Exp^i^g{V)) _L Wg{Exp.~f^g{y)) we get 

X^{V) = ^ X{Exp^^g{V)) = 0. 

Moreover, if X^{V) = 0, then 

DX'^\v = Proja o DV7,gl(£;xp^,9{v),o) 

o [DExp^^g\v ,DgX\E^p_^^^^y^ oDExp^Jv) 
= A^^ o DgX\E^p_^^^(^v) ° DExpjJv, 
where A : (^£,(7))-'- {Wg{Exp-y^g{V))^ is given by 

A := Proj^p^^(£;^p^__^(y))± o DExp^Jv 

By p.Sp the map A is an isomorphism. Consequently, the map DX'''\v is 
invertible, if and only if 

DgX\E.p_^ ^^V) ° DEXP^JV {WgiExp^,giV))^ ^ {WgiExp.,,giV)))^ 

(3.12) 

is an isomorphism. The injectivity in (j3.12p . (j3.3p . and (j3.7p implies that 
the kernel of DgXl^xp (v) is one dimensional and given by {DtExp-y^giV)) . 
As DgX\Exp.y g{v) is a Rothe map and thus a Fredholm operator of index 
0, we deduce that (j3.12p implies the nondegeneracy of Exp^^giV). If (j3.10p 
holds with 7 replaced by Exp^^g{V), then the kernel of DgX\Exp (y) is one 
dimensional, and from (j3.3p we infer that (I3.12P holds, which finishes the 
proof. □ 

Definition 3.6. Let gt for t G [0, 1] be a family of smooth metrics on 
S"^ , which induces a corresponding family of metrics on H'^'^{S^ , S^), still 
denoted by gt- Let M be an open -invariant subset of prime curves in 
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5^) and Xq, Xi two vector-fields on M such that Xi is (M, gi, S^)- 
admissible for i = 0, 1 . A family of vector-fields X{t,-) on M for t G [0, 1] 
is called a (M, gt, S^)-homotopy between Xq and Xi, if 

• X{0, •) = Xo and X{1, •) = Xi, 

• {(t,7) G [0, 1] X M : X{t,j) = 0} is compact, 

• Xf := X{t,-) is {M,gt, S^) -admissible for all t £ [0, 1]. 

We write {M, g, S^)-homotopy, if the family of metrics gt is constant. 
If X is a (M, , 5^)-homotopy, then differentiating 

{X{t,j),Wg,{'y))T-,H2,2^SKS2),gt = 

we see as in ([HSl) for (to,7o) G ^"^(O) 

DgX\t,^,, : M X T,,H^^\S\S') ^ (70))^'^*° ■ (3.13) 
Moreover, analogous to (j3.1ip for there is 5 > such that 

^to,7o e c\Bsito) X BsiO) n (W,,,(7o))^'^*«, (1^5*0 (7o))^'^*°), 

where 

V) := Projg o ^p-^\,^ {t, Exp,,,g,^^ iV),X{t, Exp,,,g,^^ {V))) , 
and V'7o,to is ^ chart around (toi70)0) of the bundle 

S[o^^H^^\S\S^) ■.= {it,^,V) G [0,1] xTH^'\S\S^) : 7 / const 
andy G (H^,,(7))^'^'}, 
defined in a neighborhood of (to, 0,0) in 

[0,1] X T^,H^'HS\S') X (l^,,„(7o))^'^*° 

by 

V'7,to(*> y, [/) := (t, Expj,g,^V, Proji^w,,{Exp-,,,,^v))^M {DExpj,gJvU)y 

(3.14) 

Definition 3.7. Let X be a {M, gt, S^)-homotopy and {tQ,S^*jo) G [0,1] x 
M. The orbit {to, *^o) is called a nondegenerate zero ofX, if X{tQ,^Q) = 
and 

Z),X|(,„,^,) : M X (Ty,,„(7o))^'^*° - (^^5*0 (7o)>^''*° (3.15) 
zs surjective. 

Analogously to Lemma 13.51 we obtain for a homotopy X. 

Lemma 3.8. Under the assumptions of Definition \3. 7| the tuple {t, V) G 
Bs{to) X -65(0) n (VFgj^ (7))^'^*o is a (nondegenerate) zero o/X*0''^o if and 
only if the orbit {t,S^ * Exp'yf^^g^^^{V)) is a (nondegenerate) zero of X. 

We give a equivariant version of the Sard-Smale lemma [21,23]. 
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Lemma 3.9. Let M be an open -invariant subset of prime curves in 
H'^'^{S^ , S^) and X a {M, g, S"^)- admissible vector field on M. Let U be 
an open neighborhood of the zeros of X. Then there exists a {M, g, S^)- 
admissible vector field Y such that Y has only finitely many isolated, non- 
degenerate zeros, Y equals X outside U and there is a {M, g, S^)-homotopy 
connecting X and Y . 

Proof. As X is proper and X^^(O) C H^''^{S^, S'^) using Lemma [3. II we may 
cover X-^{0) with finitely many open sets 

where 5i > 0, the shce S^-^^ is defined in 5*^ x 53^.(0), and X'^* is defined in 
B^sM (Wgili))^ fori = l,...,n. 

Then DX^'\o is in :k{{Wg{ji))-^), which is open in £.((^3(7^))-^). Thus 
DX^^ I V remains a Rothe map for V close to and consequently a Predholm 
operator of index 0. As Fredholm maps are locally proper, we may assume 
for all 1 < i < n that the map X'^' is proper and Rothe on B2Si{0) H 
{Wg{-fi))^, i.e. 

DX^^v e mWgi-fi))^) vy eB^n {Wg{-fi))^, 

B2s,{0)n {Wg{ji))^ n {X^')-^{K) is compact C {Wg{-fi))^ compact. 
To construct Y we proceed step by step and construct Yj such that 

(i) Yj equals X outside ujzls^ * Exp^^,g{B25M n {Wg{-fi))^), 

(ii) Y~^{0) is a subset of 

U S'*Exp^^,giBsM^{WgM)^), 

1=1 

(iii) the critical orbits of Yj in 

U * Exp,^,g(B^)n {Wg{j,))^). 

1=1 

are isolated and nondegenerate. 
Since each X'^' is proper, ||X(-)|| is bounded below by a positive constant in 

UUS' * Exp^^,g{B2sM \ U * Exp^^,g{BsM- 

1=1 

Consequently, (ii) remains valid for all small perturbations of X. 
We start with Yq := X. In the jth. step we consider Y^^^. By the Sard-Smale 
lemma there is Vj G (^gilj))'^ ^ T^^ H^''^ {S'^ , S"^) arbitrarily close to zero, 
such that ^-^^i + Vj has only nondegenerate zeros in -65.(0) Pi {Wg{jj))-^ . 
Since -fj G H^'^{S^,S^), the map 6* ^ ^ * 7^- is in {S^ , H"^^^ {S\ S"^)) and 
5^ *7j is a sub-manifold of i?^'^ (5^, 5^). Shrinking (5j > we may assume 
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the distance function dg{-, *7j) in the Riemannian manifold iJ^'^(S'^, 5^) 
satisfies 

and there are ej,i,ej,2 > such that the set 

{7 G 5^ * Exp^^^g{B25, (0) n (Wgij,))^) : e,, i < dg{^, * 7i) < ej,2} 
is contained in 

* Exp^^,g{iB25,iO)\B^) n {Wg{j,))^). 

We take a cut-off function rj G C^(M, [0, 1]) such that r/ = 1 in [0,ej_i] and 
r/(x) = for X > ej^2- Using Lemma l3. II we define 

% G C\S' * Exp^^,g{B2s^{0) n (1^,(7,))^), 5') 

by 9j := Pro j o [T,y.^g)^^ and the vector field Yj on Af by 

y,(7) :=y,-i(7), 

if 7 51 * Exp^^,g{B25^ (0) n (T^3(7i))^) and 

y,(7) :=y,-i(7)+r?K(7,Si*7,)) 

Proj2 o V'e^.(^),^^.,3(^xp~|^)^^^.^^(7), 0^(7) * ^i), 

if 7 e 51 * Exp^^^g{B25^ (0) n (H^3(7i))^). 

Note that the map 6 ^ {6 * -/j,e * Vj) is in (72(5^, T/J^.s^^i^ 52^^ 
(7j, Vj ) G TH'^''^{S^, 5^). It is easy to see that Yj is a equivariant vec- 
tor field, which is orthogonal to Wg by construction. If ||V^ || is small enough, 
then continue to hold for Yj as well as the Rothe property, because 

Rothe maps and nondegenerate critical orbits are stable under small per- 
turbations. Moreover, cos{t)'^Yj-i + sin(t)2l^' is proper for any t G [0, 7r/2], 
because cos{ty'Yj_\ + sin.{t)'^Yj equals Yj_i outside S"^ * Exp^.^g{B2s^{^) n 
{Wg{'^j))-^), which is proper, and the zeros of cos(t)2l^_i -|- sin(t)2l^- in- 
side 5^ * Exp^.^g{B2Sj{0) n {Wg{'yj))-^) are contained in the compact set 
* Exp^^,g{{Y^^l^)-^{[0,l]Vj)). If Yj^i is elliptic with constant ej^i > 0, 
then taking ||Vj || small enough cos(t)2l^-^i + sin(t)2l^- remains elliptic with 
constant Ej = ej-i/2, because 5^(7) and y^_i(7) differ only by 

AProj(^^(^))x o DExpg^(^^),^^J^ 1 (^)(^i(7) * Vj), 

where A G [0, 1] and ^(7) * jj and Ojij) * Vj are in H'^''^. 

For j = n we arrive at the desired vector-field Y. □ 

Essentially the same arguments lead to the following lemma. 

Lemma 3.10. Let M be an open S^-invariant subset of prime curves in 
H'^''^{S^ , S'^), gt for t G [0, 1] a smooth family of metrics on S"^ , and X a 
(M, gt, S^)-homotopy between two vector-fields Xq and Xi on M , which have 
only finitely many critical orbits in M , that are all nondegenerate. Let U 
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be an open neighborhood of the zeros of X. Then there exists a {M,gt,S^)- 
homotopy Y and e > such that Yt{'y) = Xt{'y) for 

(t,7) G ([0,e] U [1 x MU ([0,1] x M)\U, 

and 

DY\t,, : M X (VF,,(7))^'^' - (^^.^(t))^'^' 
is surjective for all zeros {t,j) ofY. 

For the rest of this section we let M be an open S^-invariant subset of 
prime curves in H'^''^{S^ , S'^) and X a (M, 5, S'^)-admissible vector field on 
M. We shall define the S^-equivariant Poincare-Hopf index Xs'^i-X, M) of 
the vector-field X with respect to the set M. We begin with the definition 
of the local degree of an isolated, nondegenerate critical orbit of X. 
We fix a nondegenerate critical orbit * 70 of X in M. As X is (M, g, S^)- 
admissible, DX\jq G QTZ{{Wg{jo))^) and we define the local degree of X at 

* 70 by 

deg/oc,si(^; * 70) := sgnDgX\^g. 
From p.6p the local degree does not depend on the choice of 70 in * 7o- 

Definition 3.11 (S'^-degree). Let X be {M, g, S^)-admissible. From Lemma 
\3.9[ there is a vector field Y, which is {M, g, S^)-homotopic to X, with 
only finitely many zeros, that are all nondegenerate. The -equivariant 
Poincare-Hopf index (or -degree) of X in M is defined by 

Xs^{X,M):= Yl deg,„,,5i(y,5i*7)- 

{S'i*7CA/: y(S'i*7)=0} 

To show that the definition does not depend on the particular choice of 
Y, and that the S'^-degree does not change under homotopies in the class of 
(M, g', 5^)-admissible vector-fields we prove 

Lemma 3.12. Let gt be a continuous family of metrics on H'^''^{S^ , S'^) for 
t G [0,1]. Suppose X is a {M, gt, S^)-homotopy between Xq and Xi, such 
that the zeros of Xq and Xi are isolated and nondegenerate. Then 

Xs^{Xo,M) = xs^{Xi,M). 

Proof. By Lemma 13.101 we may assume the the homotopy X is nondegener- 
ate, i.e. DX*'^ is surjective whenever X{t, = 0. 
Fix (to)7o) £ ^^^(0). From the implicit function theorem. Lemma 13. H 
and Lemma 13.81 there is a regular curve c = (q,c^) G C^(/, M x M) 
with / = (-1,1) for to e (0,1) and / = [0,1) for to e {0,1}, such that 
X(c(s)) = 0, c(0) = (to,7o), and the map 

xLb {9, s) ^ {ct{s),6 * cy(s)) = e* c{s) 

parametrizes the zero set X^^{0) locally around (to, 70), where we define 
the action of on tuples (t, 7) by 6 * (t, 7) := (t, * 7). 
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The ehipticity of Xt shows that c^{s) G //^'^(S^, 5^), thus Cy(s) is in 
T^^^,)H^'^{S\S^) and from ^ we deduce that 

c-y{s) is transversal to (W^^^^^j (c^(s)))"'"'^'=«(=) . 

Since 7^ c'(0) G M x (VF^j^ (7o))"'"'^*o we see from the construction of c that 
we may assume for all s S / 

c'(s) is transversal to (0,c^(s)). (3.16) 

By the 5^-equivariance of X, (|3.16p . and the fact that ^g;,^(5)-''^|ct(s),c^(s) is a 
Fredholm operator of index 1 with image {Wg^^^^^{c^{s)))^'^''t'.'') of codimen- 
sion 1 we find 

(c'(s),(0,c^(s))). (3.17) 

Fix (ci, Ii) and (c2, 12) such that * ci(si) = 5^ * £2(52) for some si G Ii 
and S2 G /2- Then from the uniqueness part in the construction of C2 we 
get 6*2 € 5"^ such that 62 * 02(^2) = ci(si). From its construction 62 * £2(52) 
is contained in the kernel of DX\^^(^g^-^ spanned by (c'^(si), (0, (ci)^(si))). 
Since c'i{si) and 62 * £2(^2) are both transversal to (0, (ci)^(si)) there is 
/ Ai G M and A2 G M such that 

O2 * 4(52) = Aic'i(si) + A2(0, (ci)^(si)). 

We choose a function 62 G C^(/, M/Z) satisfying ^2(52) = ^2 and ^2('52) = 
— A2, define C2 G C^(I, M) by C2(s) := 92{s) * 02(5), and get 

4(S2) = 02 * 4(52) + (0,^2 * {c2)-y{s2))02{s2) = AlC^Si). 

With an additional change in the s parameter we may easily arrive at 
^2(^2) = c'i(si) in such a way that the map {9, s) 1— > 6*C2{s) still parametrizes 
* 02(12) ■ This gives a recipe how to obtain from two overlapping local 
parameterizations (ci,Ii) and (c2,/2) of X~^{0) a parametrization of the 
union * ci(/i) U S""*^ * 02(12) ■ As in the classification of one dimensional 
manifolds [19] we deduce that X~^{0) is a two dimensional manifold with 
components diffeomorphic to 5^ x or x [0, 1]. 

Let P be a component of X^^{0) with boundary, i.e. of the type 5^ x [0, 1], 
such that a parametrization of P is given by 

{e,s) e X [0,1] ^9*c{s), 

where c G C^([0, 1], [0, 1] x M). First we change c to arrive at 

c'{s) G M X (M^,,^(,,(c^(5)))^'^'^*(=) C M X T,^(^,)H^'\S\ S^). (3.18) 

To this end we note that from the definition of Wg we have 

M X T,^^,)H^'^{S\S^) = R X (W^,,,(,)(c^(5)))^'^^*(») © ((0,c^(s))) 

and denote by Proj^ the projection onto M x {Wg^^^_^^{c^{s)))'^'^''t'-'''i with 
respect to this decomposition. There holds 

c'(s) =Proji(c'(s)) + A(s)(0,c^(s)). 
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We take 9 G ^^([0, 1],M) such that e'{s) = -\{s) and define c(s) := e{s) * 
c{s). Then 

-^{s) = {d,{sl9{s)*{c'^{s)-\{s)c,{s))) 

G M X e{s) * (T^,,^(,)(c^(5)))^'^-(») = M X {Wg^^^^^{c^is)))^'S.,^s,. 

Thus, replacing c with c we may assume (j3.18p holds. 
Consider for s € [0, 1] the family of operators 

defined by 

Fs{t, V) := {{c'{s), (r, V))^^T,_^^,^H^,2^gl^g2), Dg^^^^^X\^(^,){T, V)) . 

Since 

kernel(D,^^(^,X|,(,)) nM X {Wg^^,^^ic^is)))^'<^^^(^^ = {c'{s)), 

each Fg is an isomorphism. Moreover, the Rothe property of X implies that 
each Fg is a Rothe map, because Fg is obtained from DX\^(^g^ through a 
change in finite dimensions. Consequently, sgn(Fs) is well defined and by 
its homotopy invariance independent of s S [0, 1]. If c[{s) / we have again 
by the homotopy invariance sgn(Fs) = sgn(Fs), where 

Fg{T,V) :=F,(r,y + (4(s))-Vc;(5)). 

We have 

~ ^ ({c[{s)r^c'{s)p (c;(.),.)\ ({c[{s))-^c'is)r \ 

Hence, for all s £ [0, 1] such that cj(s) ^ there holds 

sgn(F,) = sgn(F,) = sgn(4(s))sgn(D^X|,(,)). (3.19) 

Let 5^ * afcg be the critical orbits of Xq and * (3i, . . . , * f3ki 

be the critical orbits of Xi. The critical orbits of Xq and Xi are boundary 
points of X-i(O). From (I3T9D we get 

• sgnDXola- = — sgnDXolo,^ , if *aj and *aj are boundary orbits 
of the same component of X~^(0), 

• sgnDXil^. = — sgnDXil^^. , if 5*^ */3j and 5^ * (3j are boundary orbits 
of the same component of X~^{0), 

• sgnDXolcf. = sgnDXi|/3^. , if * ai and 5^ * are boundary orbits 
of the same component of X^^{0). 

Putting the above facts together, we see that 

Xs^{Xo,M) = xs^{Xi,M). 

□ 
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4. The Unperturbed Problem 

Let = dBi{0) C be the standard round sphere with induced metric 
go- Then the prescribed geodesic curvature equation with k = ko on {S'^,go) 
is given by 

Proj^±^ = |7|/co7 X 7> (4-1) 

where 7 G H'^''^{S^ , S'^), 7 and 7 are the usual derivatives of 7 considered 
as a curve in R^, I7I is the euchdean norm of 7 in M^. Differentiating twice 
the identity I7P = 1 we find (7,7) + I7P = and (j4.1|) is equivalent to 

7 = |7|A;o7 X 7 — I7P7. (4-2) 

In order to solve the ordinary differential (|4.2p we fix initial conditions 

7(0) = 70 G 5' and 7(0) = vq £ T.,,S^. 

If i;o = then 7 is given by the constant curve 7 = 70- We may assume in 
the sequel 

A := \vo\ > 0. 

If fco / then there is a unique r = r{ko) G ( — 1, 1) \ {0} such that 

ko = • 

r 

For ko = 0, the case of geodesies, we may take r = ±1. 

We define for A > and a positive oriented orthonormal system {vo,vi,w} 

the function a £ C7°°(M, S^) by 

a{t, A, vo, vi, w) := \/l — r^w + r cos{Xr^^t)vi + r sm{Xr^^t)vo 

A direct calculation shows that a{-, A, vo,vi,w) solves (|4.2p . Moreover, if we 
take for given (70,^0) tbe positive oriented orthonormal system {vo,vi,w) 
defined by 

VQ := X~^vo, vi := r7o + \/l - r'^{vo x 70), w := {vi x vo) 

and A > as above, then a{-, A, vo, vi, w) satisfies the initial conditions 

a{0,X,vo,vi,w) = 70, a{0, X,vo,vi,w) = vo- 

Since we are only interested in solutions in H'^'^{S^ , S'^) we get an extra 
condition on A, i.e. the 1-periodicity leads to 

A G lirZr. 

Hence the simple solutions in S'^) of equation (j4.ip are given by 

{a{-,2TT\r\,vo,vi,w) : {vo,vi,w} is a positive orthonormal system in M^}. 

S0{3) acts on solutions: if 7 solves (j4.ip so does ^4 o 7 for any A G SO{3). 
We have 

A o a(-,27r|r|,r;o,i;i,'u;) = a{-,27r\r\, A{vo), A{vi), A{'w)), 
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and the set of solutions is parametrized by ^ E 50(3). It is easy to see, 
that 

a{-, 27r|r|, ^^1) "f^) = d * a(-, 27r|r|, Vq,v[,w') 

for some ^ G S"^ if and only iiw = w'. Consequently the set of critical orbits 
Z is parametrized hy w £ S"^. 

We need to compute the kernel of Dg^^Xf^^^^gJa at a solution a = a{-,VQ,vi,w) 
for some fixed system {vo,vi,w). We note that for V G TaH'^''^{S^ , S'^) 

Rg^^{V,a)a = V\d\'^ — {V,d)a 

and hence by (j2.3p 

Dg,Xk,,gMy) = i-Dl,t + 1)"' ( - Dlg^V - V\d\^ + {V, a)d 

+ \d\~^{Dt^goV,d)ko{a x d) + |d|A;o(a x Dt^g^V). (4.3) 
Due to the geometric origin of equation ()4.ip we deduce that 
Wi{t, vo,vi,w) := d = 27rr(— sin(27rt)wi + cos(27rt)fo), 
Wi{0,vo,vi,w) =27rrvo, Dt^goWi{0,vo,vi,w) = -47r^r^A;o(A;oi^i -w), 
Wo{t,vo,vi,w) := td, Wo{0,vo,vi,w) = 0, Dt^goWo{0,vo,vi,w) = Inrvo, 

solve DggXii.g^gg\a(W) = 0. The vector-field Wi corresponds to invar iance 
with respect to the S^-action, 9 i-^ a{- + 6), and Wq stems from the change 
of parameter s i— > a{-s). The 50(3) invariance leads to two additional 
vector-fields in the kernel of Dg^Xk^^gQlai i-e. we let 

wi^s '■= cos{s)w + sin{s)vi, vq = vo,vi^s = vq x wi^s = cos(s)fi — sin(s)i(;, 

W2,s '■= cos{s)w + sin{s)vo, vi = vi,vo^s = W2,s X = cos(s)uo — sin(s)w 

and get 

^^2(^,1^0,^1, w^) := ^(a(-,27rr,'(;o,t'i,s,'Wi,s)|^^o = rkQVi - r cos{2iTt)w , 
W2iO,vo,vi,w) = \/l - r'^vi - rw, A,gol^2(0, fo, fi, tt;) = 0, 

W3{t,vo,vi,w) := -^{a{-,2TTr,vo^s,vi,W2,s)\g^Q = rkovo - r sm{2TTt)w , 

W3{0,vo,vi,w) =rkoVo, Dt^gaW3{0,vo,vi,w) = 2TTr^{koVo - w). (4.4) 

We will omit the dependence of Wi on {vo,vi,w), if there is no possibility 
of confusion. Since the initial values of Wq, . . . , W3 are linearly independent 
in (rQ(o)5^) , the vector-fields are a basis of the kernel of Dg^Xk^^ggla- As 
only Wi, . . . , W3 are periodic, we obtain 

keTnel{Dg,Xk,,g,\c,) = {Wu W2, W3). (4.5) 

To find the range of DgoXfcg^gglo, we note that the moving frame {d, a x d} is 
an orthogonal system in T^S"^ for any t G 5^. Thus any V G TaH'^''^{S^ , 5^) 
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may be written as 

V = Aid + A2(a X a) 
for some functions Ai, A2 G i7^'^(5^,M). Using the fact that 

Dt,goCt = \a\kQ{a x a) and Dt^gQ{a x d) = — |d|/i;o") 
we may express Dt^g^V and {Dt^gQ)'^V in terms of Ai and A2. This leads to 



DgA,gMy) = {-Dig, + 1)-'((-A'/ + iT^^h^^Xi)^^ 

+ (-A^'-(27r)2A2)(axd)). (4.6) 
Concerning Wi , ■ ■ ■ , W3 and Wg we find 

Wi{t) = a{t), 

W2(t) = — - r2sin(27rt)d(t) +cos(27rt)(a x a)), 

2-Kr 

W2.it) = ( - \/l - r2 cos(27rt)d(t) + sin(27rt)(a x a)) 

zirr 

Wgoia) = (1 + \d\'^kl)~^a = (1 + \a\'^ k'^)-^Wi{a) . (4.7) 

Lemma 4.1. For any solution a of the unperturbed problem there holds 

{0} = {Wi{a),W2{a),W3{a))nR{Dg,Xk,^g,\^), 

(VFi(a))^ = {W2{a),Ws{a)) (B R{Dg,Xk,,gJa) 

Proof. We omit the dependence of Wi on a. For Ai,A2 € H'^''^{S^ we 
have 

(-L'i2,g„ + l)(Aid + A2(a xq)) 

= ( - X'l + 47rVl -r2A'2 + (47r2(l - r^) + l)Ai)d 



+ ( - A2 - 47rVl - r2A'i + (47r2(l - r^) + 1)Ai)q x a 

Hence we get by direct calculations 

{-Dlg^^ + l){W,) = {4n\l + r' + l)a, 

i-Dlgo + l)(-27rrt^2) = \/l - r2(-47rV2 + 1) sin(27rt)d 

+ {ATT^r'^ + 1) cos(27rt)(a x a), (4.8) 

{-Dlg^^ + l)(-27rrT^3) = -y^l - r'^{-4ir'^r'^ + l)cos(27rt)d 

+ (47rV2 + 1) sin(27rt)(a x ex). (4.9) 

Consequently, by (j3.8p and (|4.7p the vector Wi is orthogonal to (W2,VF3) 
and to R{Dg^^Xk^^go\a) in T^H^'^{S^ , S^). As in L2(5i,M) 

A2 + (27r)^A2 -Ll2 (cos(27rt), sin(27rt)), (A", A2) -1^2 const, 
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we get 

{0} = {-Dlg^ + l){{Wi,W2,Ws)) 

and the claim follows for Dg^X^Q^gQla is a Predholm operator of index 0. □ 
To analyze the range of DggX^g^g^^ we see for a G 2^ 

R{DX,,,g,\o^) = {{-Dlg^ + l)-i((-Ai' + 27rVl-r2A^)« 

- (A^' + (27r)2A2)(a x a)) : Ai, A2 € H^'^{S\R)} 
= {i-Dlg, + l)-\Xia + X2{axa)) : Xi, X2 e L\S\R), 

Ai ±^2 1, A2 -i-L2 (cos(27rt), sin(27rt))} 
= ((a X a)) e E+, 

where is given by 

£;+ = + 1)"' (^1" + ^2(« X d)) : 

Ai, A2 G l2(S'1,M), Ai ±^2 1, A2 -Ll2 (1, cos(27rt), sin(27ri))} 
We have for V = Xia + A2(a x a) in r«/f2,2(^i^ ^2^ 

£'^feo,ffola(^) eE+^X2±L^l^V ±L2 {a X d). 

We fix F = {-Dlg^ + l)-i(Aid + A2(a x d)) e Then 
/ V{axa)= j {-Dlg^ + l)-^{Xia + X2{axa)){axa) 
= / (Aid + A2(Q!Xd))(-Df^g(, + l)"^(axd) 
= (47r2(l - r^) + / (Aid + A2(a x d))(a x d) = 0. 

Consequently, DXi^g^gg\a{E^) = E^. Moreover, 

{i-Dlg^ + l)DXk,,gMV),y)L^ 

= f iX[f-27rVr^X[X2 + {X'2f-i7r\X2f 

> [ iX[f-\iX[f-4n\l-r'){X2f + iX',f-47rHX2 



.. . _ .^2J 

'^'\l\2 , io_2/\ \2 



>-(A;)^ + 127r^(A2)^ 



where we used the fact that for A2 J- (1, cos(27r-), sin(27r-)) 
/ (A'2)2-4;r2(A2)2> / 167r2(A2)^ 
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Since 

DXk,,gMa X a) = - 4^2(1 _ ^2) ^ «) 

we see that (^DXkg,gg\a) \r{dXi,^ g^\a) with respect to the decomposition 
R{DXk,,g,\a) = {iaxa))(BE+ 

is given by 
such that 

sgn(L>Xfc„,5J«)U(BX,„,J„) = -1- (4.10) 

To compute the S'^-degree of the unperturbed vector field -^feo.so ^'^^ ^ = 
feo > we consider for ki G 0^(5^, IR), which will be chosen later, and 
e e M, which is assumed to be very small, the perturbed vector field Xg^^^ 
defined by 

XgoAl) ■■= i-Dlg, + - Dt,g,j + IMgoih + eh{7)h X 7) 

where the vector field Ki is given by 

ifi(7) := {-Dig, + l)-'|7l,o (^1(7)7 X 7)- 

We ax ao £ Z and a parametrization ip of Z, which maps an open neigh- 
borhood of in {Wi{ao), ^^2(0:0), ^3(0:0)) into Z, such that 

= ao and Dip\Q = id. 

As Z consists of smooth functions, 2^ is a sub-manifold of H^''^{S^ , S^) for 
1 < m < 00. Wc define a map $ from an open neighborhood W of in 

T^,H^'\S\S^) = {Wi{ao),W2{ao),W3{ao))®-R&nge{DXg,,o\ao) 
to H^'^{S\S^) by 

HW,U) := Exp^,,g,{Exp-lgMW)) + U). 

Then {^,U) is a chart of H'^''^{S^ , S"^) around oq such that U is an open 
neighborhood of in TaoH^^^{S\ S^), and 

$(0) = ao, D^\o = id, $-i(2:n$(W)) =Un{Wi{ao),W2{ao),W3{ao)). 
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From the properties of Expao,go map <I> is a chart of of H^'^{S^ , S'^) 
around ao for any 1 < /c < 4 and shrinking U we may assume that (I3.3P - 
(|3.5p continue to hold with Exp^^g replaced by i.e. 

T^^v)H''\S\S') = if^m)) e ((do)^'^"'), (4.11) 
T^(^V)H^'\S\S'') = {Wg,{<^>{V)))eD^\v{{Wg,{ao))^), (4.12) 
P^oj(H'.o('f(v))^ ■■ (^go(«o))^ ^ {Wg,i'^>{V))^, (4.13) 

and the norm of the projections in (j4.1ip and (j4.12p as well as the norm 
of the map in (j4.13p and its inverse are uniformly bounded with respect to 
V. For ao £ Z the vectors Wi{ao) and Wgo(ao) are collinear and we use 
(VI^i(qo)) instead of {Wg^i^ao)) in the analysis of the unperturbed problem 
below. 

As in (fO) we get a chart for the bundle SH'^^'^{S^ , S'^) around (q;o,0), 

^iV,U) := {<S>{V),Proj^w^^(^^^y^))^ o D^\v{U)). 
Analogous to (j3.1ip we define 

Xly.Un{Wi{aoV^{W^{ao))^ 

by 

X^^^iV) := Proj2 o ^-'mV),Xg,^,{^V))). 

Replacing Exp^^g by ^ it is easy to see that Lemma [331 carries over to X^^^^, 
i.e. 

V U n {Wi{ao))^ is a (nondegenerate) zero of X^^^^ if and only if 

* ^{V) is a (nondegenerate) critical orbit of Xgg e, 

(4.14) 

and if X*^^(y) = 0, then after shrinking U 

DX^Jv = V ° ^^9o,.l*(y) ° D^\v, (4.15) 
where the isomorphism Ay : (VFi(ao))"'" i^goi^i^)))'^ is given by 

From Lemma |4. II we may assume 

Ur\{Wi{ao))^ =Ui xU2, 

where Ui and are open neighborhoods of in (VF2(qo), ^^3(00)) and 
Ri^Dg^Xf^g^gglao) ■ We denote for a G Z by ^2(0) the projection onto 
R{DXg^fi\a) with respect to the decomposition 

{W,{a))^ = {W2{a),Ws{a)) (B R{Dg,Xk,,g,\a), 
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and by Pi{a) the projection onto {W2{a),W3{a)) . Moreover, for W G Ui 
we define for i = 1,2 

The projections Pi{W) and correspond to the decomposition 

{Wiiao))^ = {W2{ao),W3{ao)) (B R{Dg,Xf^,,\w), (4.16) 
as we have for W GlAi 

Lemma 4.2. For aQ G Z after possibly shrinking U there are Eq > and 
U eC\[-eo,eo]xUu{Wi{ao))^), 
ReC\[-eo,eo]xUi,{W2{ao),W2{aom, 
such that for all {e,W) G [—eo,eo] x Ui 
R{e,W)=Xl^^{W + U{e,W)), 

{) = Pf{W)oU{e,W), 
O(e),_o = \\U{e,W)\\ + \\DwU{e,W)\\ + \\R{e,W)\\ + \\DwR{e,W)l 
R{e, W) = ePfiW) o Kf{W) + o(e),-.o, 
U{s, W) = -e{DXl^o\wr' o P^{W) o Kf{W) + o(e),^o. 

Moreover, U{£,W) and R{£,W) are unique, in the sense that, if {£,W,U, R) 
in [—eo,£Q] X Ui xU n {Wi{ao))'^ x Ui satisfies 

X* + U) = R and P^{W){U) = 0, 

then U = U{£, W) and R = R{e, W) . 

Proof. We define a C'^-function H 

H :RxUi xUn{Wi(ao))^ x (^^2(00), W^3(ao)) 

^ {Wiiao))^ X {W2{ao),W3{ao)), 

by 

H{e,W,U,R) := {X^^^iW + U) - R, Pf {W){U)) . 
We have in C{{Wi{ao))^ x (W2(ao), ^^3(00))) 



D(u,R)H\{o,w,o,o) - 

where we used the fact that X* q(W^) = and (14.151) . From ()4.5p and 
Lemma l4.ll we see that i?((7,K)-f^l (0,0,0,0) is an isomorphism. By the imphcit 
function theorem, after possibly shrinking^, we get eo > and unique func- 
tions U = U{e, W) and R = R{e, W) such that H{e, W, U{e, W),R{e, W)) = 
for ah {£,W) £ [—£0,^0] x ^ij and D(^ir jijH\£^w,u,R is uniformly invertible 
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for (e, W, U, R) S [— eoi eo] x l^i x 1^2- This yields the existence and unique- 
ness part of the claim. 

The uniqueness implies U{0,W) = and R{0,W) = for all W £Ui. As 
U and R are differentiable we find U{e,W) = 0(e) and R{e,W) = 0(e) as 
e — s- 0. Moreover, taking the derivative with respect to W we see 

= DwH\^o^w,o,o) + Diu,R)H\{0,wmiDwU{0,W),DwR{0,W))^ 

Since H{0, W, 0, 0) = we have |(o,vK,o,o) = which implies 

{DwU{0,W),DwR{0,W)) = (0,0), 

because -C'([7/j)f/'|(o,vi^,o,o) is invertible. This gives the desired estimate for 
Dy/U and Dy/R- 

Moreover, taking the derivative with respect to e at (0, Wi 0, 0) we see as 
above 

= I),i/|(o,H^,o,o) + ^({/,iJ)^l(o,iy,o,o)(^.^(0,t^),I).i?(0,W^))^ 

= (KfiW) 0) + P^'o-ol^ -""^ 

^1 ^ ^' + \^ ) \DeR{0, W) J 

Consequently, 

DsR{0, W) = Pf{W) o Kf{W), 

D,U{0, W) = -{DXl^olwr^ o pf{W) o Kf{W) 

This yields the claim. □ 

Lemma 4.3. Under the assumptions of Lemma \4-^ we have as e ^ 

xZ,e{W + U{e, W)) = eP^W) o Kf{W) + O{e%^o, 

where Kf is the vector-field Ki in the coordinates ^, i.e. 

7^$ -V^<I> 

^1 - ^90,1-^90,0- 



Proof. Since U{£,W) = 0(e) we find 
A<i> / 



Xf(W + Uie,W)) 



= Pr{W)oXl,{W + U{e,W)) 

= P^{W) o Xf^^^oiW + C/(e, W)) + eP^iW) o KfiW + C/(e, W)) 
= PfiW) o DXl^,\wU{e, W) + ePfiW) o Kf{W) + 0(8^) 
= ePf{W)oKf{W) + O{e%^0. 

□ 

Lemma 4.4. Under the assumptions of Lemma \4-.S\ suppose is a nondegen- 
erate zero of the vector-field Pi{-)oKf{-), in the sense that P^{0)oKf{0) = 
and 

Dw{Pf{-)oKf{.))\oe£{{W2{ao),W^{ao))) 
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is an isomorphism. Then, after possibly shrinking eq and lA, for any e E 
[— eo,£o] there is a unique W{e) E Ui such that 

Xl^,{W{e) + U{e,W{e)))=^, 
W{£) ^ as e ^ 0. 

Moreover, V{e) := W{e) + U{e,W{e)) is the only zero of X^^^^ in U Ci 
{Wi{ao))-^ and is nondegenerate with 

sgn{DXl^,\y^,~^ = -det{Dw{PH-) ° (•))lo). 
Proof. Using Lemma 14.21 and the estimates for U and D^U we find 

Dw{xf^,ei- + U{e,-))')\w 

= Z)^(pf(-)oX*,,(. + [/(£,.))) 
= (DwPtlw) o Xf^^,iW + U{e, W)) 

+ P^{W) o DXfjw+uie,w) ° (Id + DwU\(^,^w)) 
= {DwPf\w) o {eKf{W) + DXl^,\wU{e, W) + Oie")) 
+ Pf{W) o {eDKf\w + D^Xl^^\wU{e, W) + 0{e^)) (4.17) 
Differentiating the identity for fixed e 

Pf{W)oDXl^,\wU{e,W)^Q 
with respect to W we obtain 

= {DwPf\w) o DXl ,;\wU{e, W) 

+ Pf{W) o (D^Xl^,\wU{e, W) + DXl^^\w o DwU\(,^w)) ■ (4.18) 
Since Pf (VF) o DX^^ ^lw = 0, combining (|4T7l) and (lilHl) leads to 

Dw{xf„si- + Uie, •))) \w = eDw{Pf{-) o Kf{.))\w + O(e'). (4.19) 
We define F : [— eo,eo] 'xUi^ (^2(00), W3(ao)) by 

F{e, W) := e-^Pf{W) o X*_,(^ + U{e, W)). 

Note that by Lemma 14.31 the function F extends continuously to e = 0. By 
(I4.19P we have 

DwF\(^e,w) = Dw{Pi{-) ° Kf{-))\w + 0(e), 

and F is in with D\yF\(^qq^ invertible. Consequently, by the implicit 
function theorem after shrinking Eq and U there is a unique C^-function 
W = W{e) such that F{e, W{e)) = and 

X*_,(Ty(e) + C/(e,Ty(e)))^0. 
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Shrinking U we may assume that any V r\ {Wi{aQ))^ admits a unique 
decomposition V = Wy + Uy-, where Uy = P2{Wv)V. From the con- 
struction in Lemma 14.21 and the analysis above we see that for (e, V) E 
[-eo,eo] xUn{Wi{ao))^ 

Xl,eiV) = ^ KA^v + Uv) = 

^Uv = Uie, Wv) and X* ^{Wy + U{e, Wy)) = 



V = W{e) + U{e,W{e)). 



We use the decomposition in (j4.16p to compute the local degree of Xg^^^ in 
V{e) := W{e) + U{e, W{e)) as e ^ 0. As U{e, W) = 0{e) we find 

+ eDKf\^(^,) + 0{e^) (4.20) 

Differentiating for fixed W G {W2{ao),W3{ao)) the identity Z?X* qIvkW^ = 
0, we obtain D'^X^^ qIwW = and thus by K20\i 

DXf^Jy^,)W = {eDKflwie) + OiE^))W. 

For U G R{Dg^X^^ f^\w) we get from (Ml) 

DX^Jy^.^U = {DXl^,\wie) + 0{e))U. 

Consequently, with respect to the decomposition in ()4.16p 

nv* I _ feP,''{W{e))oDKfy^,) V /©(e^) 0(e) 

UXg^,s\vie) - DXl,\^^J + {0{e) 0(8) 

This shows that shrinking eq > we may assume that V(e) is a nondegen- 
erate zero of X^^^^ for all \e\ < Eq and by (j4.10p 

sgn(DX*,,|v(,)) = det (Z)(Pf (•) oi^f (•))|o)sgn(Z)X*,olw^(.)) 
= -det {D{Pf{.)oKf{.))\o) 
This finishes the proof. □ 

Lemma 4.5. Under the assumptions of Lemma \4-^ suppose is a non- 
degenerate zero of the vector-field Pi(-) o Ki(-) on Z, in the sense that 
Pi{ao) o Ki{ao) = and 

Dz{Pi{-) o Ki{-))\^, e £{{W2{ao),W5{ao))) 

is an isomorphism. Then for any < e < there is 7(e) G ^{U) satisfying 

-^go,ei'yi^)) — '^''^d 7(e) — > ao as e ^ 0. 

Moreover, * 7(e) is the unique critical orbit of Xg^^^^ in U and is nonde- 
generate with 

deg;„,,5i(X,„,„5i *7(£)) = -det(i?^(Pi(-) oKi(-))Uo)- 
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Proof. We note that as Pi(ao) o Ki(ao) = 

Consequently, the assumptions of Lemma [4.4l are satisfied and we may define 
for < e < eo the curve 7(e) by 

7(e) ■.= HVie))eH''^\S\S^). 

From (j4.14p we infer that 7(e) is the unique zero of Xg^j, in ^{{Wi)-^ nU) 
and * 7(e) is a nondegenerate critical orbit. It is easy to see that the 
existence of a slice in Lemma |3 . 1 1 remains valid if we replace ExpoiQ,gQ by 
Consequently, S^*^{£) is the unique critical orbit of Xg^^^ in *^{{Wi)-^r\ 
U), which is an open neighborhood of * oq in H'^''^{S^, 5^). 
We fix < e < eo and consider for s G [0, 1] the family of maps 

•= ^vle) ° ^^90,sU{e) ° ((1 - S) + sProj^^y^(^(^)))x)i?^>|y(,). 

Since DXgg^s\^(^^^ restricted to (W^i(7(e)))"'" is of the form id — compact, 
writing 

we deduce that Yg = id — compact for all s £ [0,1]. From Lemma 14.41 we 
have that Yq is invertible and satisfies 

Yo = DXlJvie) and sgn(yo) = - det{Dz{Pi{-) o Ki(-))Uo)- 

As is invertible, the kernel of DXgg^s\^(^^-^ is given by (7(e)). 

Since 7(e) converges to oq as e ^ and qq = Wi{ao) we get 

7(e) = T^i (7(e)) +o(l)e->o, 

which implies together with (|4.1ip that (7(e)) is transversal to the range of 

((1 - s) + sProj^^y^(^(^)))x) o D^\v(^s) 

for all s G [0, 1] . Consequently, Yg remains invertible when s moves from 
to 1. Due to the homotopy invariance we finally obtain 

sgn(yo) = -sgn(det(D2(Pi(-) o Ki(-))Uo)) 

= Sgn(yi) = Sgn(^^^J^^ o DXg^^eljie) ° ^V(e)) 

= Sgn{DXg,,^e\y(e)) = degioc,S^iXgo,e, * 7(e)). 

This finishes the proof. □ 

Li order to compute the 5'^-degree of ^go,e '^^ define the function ki by 

ki{x) := (x,e3) for x £ = dBi{0) C M^ (4.21) 

where {61,62,63} denotes the standard basis of M^. The corresponding 
vector-field Ki on H'^''^{S^, 5^) is given by 

Ki{a) = {-Dlg^^ + 1)-Wa\{a,e3){a x d)). 
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We note that for a = a(-, 27r|r|, wq, wi, if) G ^ we have 

2 



-A' „+l)i^i(a) 



= (Vl - r'^{'w,es) + r cos(27r-)(vi, 63) + r sm(27r-)(uo, 63)) (a x d) 

_ 271-7-2 

= 4^2^2 + i (-A',go + l)((^^i,e3>^2(a) + (t^o, 63)^^3 (a)) + Ha), 
where (- A^,,;^ + l)"^/i(a) is in the range of DX^^^ggla by (I4.6p - ()4.9p . Hence, 

_27rr^ — 27rr^ 

Pi{a)oK^{a) = 4^2^2 + 1 (^1 '^3) 1^2 (a) + 4^2^2 + 1 ^^O' ^3)^3(0), 

and there are exactly two critical orbits of -Pi (a) o Ki{a) on Z given by 
{a = q(-, 2Tr\r\,VQ,vi,w) G Z : w = ±63} = * a+ U S*"*^ * a_, 

where 

a+ = q(-, 27r|r|, ei, 62, 63) and a_ = q(-, 27r|r|, — ei, 62, —63). 

The curves a± correspond to two parallels with respect to the north pole 63 
and curvature /cq. Using the formulas for 1^2 and W3 in (j4.4p we find with 
respect to the basis {W2{a±),W3{a±)} 

, , . , XM 27rr^ (±\ 

Z)(Pl(-)oKi(.))|„^ 



4^2^2 + 1 ±1^ 

Thus, we may apply Lemma [451 and get two critical orbits a±(e) for X^g.e 
converging to a± as e ^ 0. 

Lemma 4.6. Let M he the set of simple, regular curves in 
Then X51 (^fco,9o' ^) = "2- 

Proof. We choose ki = (-,63) as above. From Lemmas I4.2M.4I there is an 
open neighborhood U oi Z such that for all < e < eo the critical orbits of 
Xgg^£ in U are given exactly by a±{e). Indeed, suppose a sequence (a„) of 
zeros of Xg^^^^ converges to Z. Then necessarily 

e„ — > and a„ — > oq G ^ 

as n — > 00. For large n we use the chart ^ around ao as in Lemma 14.21 
From the existence of a slice in Lemma 13.11 we get a sequence 9n G M/Z 
converging to such that 

(9„ * a„ = <^{Vn) for some K G {Wi{ao))^. 

As in the proof of Lemma 14.41 we may decompose 

Vn = ^-H9n*an)=Wn + Un, 

where W„ G (W^i(ao))^ and Un G R{DXl jwJ- From the uniqueness part 
of Lemma Iir2l as Xg^^i;^{Wn + Un) = 0, we get Un = U By Lemma 
14. 31 we see that necessarily Pi{ao)oKi{ao) = 0, such that 5^*qo G {S^*a±}. 
From Lemma 1431 we finally deduce that S*^ * G {5^ * q± 
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From the definition of the S^-equivariant Poincare-Hopf index and the clas- 
sification of the simple zeros of XkQ^g^^ there holds for small e > 

Xsl(^fco,5o'^) = Xs^iXko,go,i^) = Xs^iXgo,e,l^) = -2. 

□ 

5. ApRIORI ESTIMATES 

We fix a continuous family of metrics {gt : t G [0, 1]} on S'^ and a 
continuous family of positive continuous function {kf : t £ [0,1]} on . We 
let Xt be the vector field on H^''^{S^ , S"^) defined by 

Xt ■■= Xk^^g^. 

We denote by M C H^'^{S\ S^) the set 

M := {7 G H'^''^{S^ , S^) : 7 is simple and regular.}. 

We shall give sufficient conditions assuring that the set 

X-\0) :={(7,t) GMx [0,1] : Xt{j) = 0} 

is compact in M x [0,1]. Fix (7,t) G X^^(O). The Gauss-Bonnet formula 
yields 

/ ktds+ / Kg^ dgt = 27r, 

Jn., 

where Q,^ denotes the interior of 7 with respect to the normal Ng^ and Kg^ is 
the Gauss curvature of {S"^ ,gt). To obtain a contradiction assume that there 
is {'jn,tn) in X~^{0) such that L{'-fn) ^ as n — > 00. Then the left hand 
side in the Gauss-Bonnet formula, as kt and Kg^ are uniformly bounded, 
tends to 0, which is impossible. Consequently, the length ^(7) of 7 satisfies 

c< L(7) < (inf{A;t(x)})"'(27r+ sup {{sup K^JvoliS^ gt)}) , (5.1) 

te[o,i] 

for some positive constant c = c{{kt}, {gt}) and K~ := — min(i^^g^, 0). 
Suppose {'^n-.tn) in ^""^(0) converges to (70,^0) in H'^''^{S^ , S'^), such that 

70 M. 

Then by ()5.ip the curve 70 is non-constant and regular, hence there is si 7^ S2 
in M/Z such that 7o(si) = 7o('S2)- As 7„ are simple curves, parametrized 
proportional to arc-length we see that 70(51) = ±7o(s2)- If 7o('5i) = 70(52) 
then by the unique solvability of the initial value problem 

7o(- + (si - S2)) = 7o(-)- 

If 7'o(-si) = — 7o('S2) then we write 7 close to si and S2 as a graph over the 
tangent direction 7o(si) in normal coordinates Exp^^^(^s-^y By the maximum 
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principle we find 

lo{si + t) = Exp^^^(^s^)^g{tjo{si) + a{t)Ng{jo{si))), 
7o(s2 + t) = Exp^^(^,^)^g{ - tjoisi) - 6(i)A^g(7o(si))) , 

where a{t) and b{t) are positive for t 7^ 0. Consequently, if 7o('Si) = — 7o('52) 
then 7o touches itself at 70 (si), locally separated by the geodesic through 
7o(si) with velocity 70 (si). Thus, 70 is a m-fold covering for some m G N of 
a curve a, which is almost simple in the sense that a can only touch itself 
as described above. Using stereographic coordinates S there is a point po 
close to the curve 70, such that the winding number of 5(70) around S{po) 
is ibm. Since 70 is a limit of simple curves, by the stability of the winding 
number, we deduce m = 1. 

We denote by (OqiS) the interior of 70 considered as a Riemannian surface 
with boundary of positive geodesic curvature. Fix a touching point 70 (si) = 
7o('52)- The point 70 (si) = 7o('52) corresponds to two different boundary 
points of Oq. Denote by /5 the curve of minimal length in connecting 
the two boundary points. From a regularity result for variational problems 
with constraints (see [1,2]) the minimizer /? is a C^-curve. By the maximum 
principle /3 cannot touch the boundary of and is therefore a geodesic 
in the interior of f^Q. Moreover, as a minimizer, /3 is stable and going back to 
5^ the curve /3 is a geodesic loop which is stable with respect to variations 
with fixed end-points. Thus 

mj(5*o) < Im < \l{10)- (5.2) 

This leads to 

Lemma 5.1. X~^{0) is compact in M x [0,1] under each of the following 
assumptions 

inf {kt}>] sup ({in j{gt))'\2TT + (sup Kg Jvol{S\gt))), {5.3) 

1 / 1 

Kg^ > Vt G [0, 1] and inf {h} > - sup { {sup KgA^), (5.4) 

(t,x)G[o,i]xs2 2 (g[o^i] V 

Kg^ > Vt G [0, 1] and { sup Kg^) < 4( inf ETg,) for all t G [0, 1], (5.5) 
where inj{gt) denotes the injectivity radius of {S'^,gt). 

Proof. We first show that X~^{0) is closed under each of the above assump- 
tions. Suppose (7n,in) S X~^{0) converges to some (70,^0) in H'^''^{S^ , S'^). 
To obtain a contradiction assume (70,^0) ^ ^""^(0), i.e. 70 is not simple. 
Then by the above analysis 70 touches itself at some point 7o(si) = 70(^2) 
and there is a stable, nontrivial geodesic loop /?, which yields a bound from 
above on the injectivity radius in (j5.2p by the length of 70. If 70 is too 
short this is impossible. The estimate on the length of 70 in (15. ip leads to 
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the contradiction under the assumption ()5.3p . If Kt^ > then by [17, Thm 
2.6.9] 

inj{gtg) > Tr{supKtoy^ , (5.6) 
and (|5.4p is a special case of (|5.3|) . 

Moreover, by Bonnet-Meyer's theorem, as /3 is a stable geodesic loop, its 
length is bounded by 

- ^4^' 

ymf i^to 

which yields together with (|5.6p the contradiction assuming (|5.5p . 
To deduce the compactness of X^^(O) we fix a sequence (7n,in) in X^^(O). 
By (jS.ip the length Lg^^ (7^) is uniformly bounded. Since each 7„ is para- 
metrized proportional to arc-length, (|7n|gt„) is uniformly bounded. Us- 
ing the equation (jl.2p and standard elliptic regularity (7^) is bounded in 
H^''^ [S^ , S"^) . Hence we may choose a subsequence, which converges in 
H'^''^(S^ , S^) and by the first part of the proof in X~^(0) under each of 
the above assumptions. This yields the claim. □ 

Corollary 5.2. Let ko > and h G C°°{S'^,R) be given by ([OT]) . Then 
there is Eq > such that for any \e\ < £0 the vector field ^gg.e has exactly 
two critical orbits * a±{e) in M , which are nondegenerate and converge 
to the orbits of the parallels a(-, 27r|r|, =bei, 62, ±63) as e ^ 0. 

Proof. Consider the metrics gt = go, the functions kt := kg + tki, and the 
corresponding vector fields Xt := Xg^^f The zeros of Xq in M are given by 
Z, the manifold of solutions to the unperturbed problem. The compactness 
of X~^(0) implies that the zeros of Xt converge to 2^ as t — > 0. From the 
proof of Lemma [4.61 there are exactly two critical orbits for \t\ small enough 
close to Z with the claimed behavior. □ 

6. Existence results 

We give the proof of our main existence result. 

Proof of Theorem \l.l\ We consider the family of metrics {gt ■ t G [0, 1]} 
defined by 

gt := (1 - t)go + tg. 

Since {gt} is a compact family of metrics, there is a constant ko > such 
that 

^0 > 7 sup ( {in j{gt)y^ {27r + {sup K~)vol{S'^,gt))). 

We denote by M the set of simple regular curves in H'^'^{S^ , S'^). From 
condition (j5.3p in Lemma 15.11 the homotopy 

[0, l]3t^ Xk,,g, 
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is (M, (7(, 5'^)-admissible and hence from Lemma 13.121 and Lemma 14.61 

-2 = xs^iXk,,g„M) = xs^iXko,9,M). 
We define the family of functions {kf : t G [0, 1]} by 

kt := (1 - t)ko + tk 

and consider the homotopy 

[0, l]3t^ Xk„g. 

Under each of the above assumptions we may apply Lemma 15.11 to deduce 
that the homotopy is (M, S'^)-admissible, and thus 

-2 = xs^{Xk,,g,M) = xs^{Xk,g,M). 

□ 
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